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Abstract
Recently Mertens and Moore [arXiv:1909.01484v1] showed that
site percolation “is odd.” By this they mean that on an M ×N square
lattice the number of distinct site configurations that allow for ver-
tical percolation is odd. We report here an alternative proof, based
on recursive use of geometric symmetry, for both free and periodic
boundary conditions.
1
Models of percolation have been among the most studied lattice prob-
lems in statistical mechanics [1, 2] ever since the 1950s. Surprisingly, even
today new results appear. Mertens and Moore [3] very recently considered
site percolation on a square lattice of M rows and N columns (M,N ≥ 1)
as shown in figure 1. Each site may be open or closed and therefore there
are 2MN distinct site configurations. A (vertically) percolating configuration
is one that has an open path joining the top row and the bottom row along
nearest-neighbor links. The authors of Ref. [3] prove the oddness of the to-
tal number of percolating configurations. Their method of proof begins by
distinguishing between the class of percolating configurations for which the
total number of open sites is even and the class for which it is odd; after pair-
wise elimination of configurations from both classes their proof ends with a
solvable combinatorial problem.
Here we present an alternative proof of the same result. Our proof does
not refer to the two classes distinguished in Ref. [3]. It relies on a recursive
pair elimination process, governed by reflection of the site configurations with
respect to a sequence of vertical axes; at the end of the elimination process
only a single configuration is left, which immediately implies the “oddness
of percolation.” We believe this alternative proof also merits to be reported
and we do so below.
Let CMN be the subset of all 2
MN configurations that percolate vertically
under free boundary conditions. We focus directly on the number |CMN | of
its elements. The statement to be proven is that the parity par(|CMN |) is
odd.
For an arbitrary configuration σ ∈ CMN we consider its reflection about
the central vertical axis of the lattice, i.e., we exchange its columns n and
N + 1− n for all n = 1, 2, . . . , ⌊N
2
⌋. If N is odd, then the central axis passes
through column N+1
2
and this column is invariant; if N is even, then the the
central axis passes in between columns N
2
and N
2
+ 1. We let σ′ denote the
reflected configuration.
If σ 6= σ′, then we may eliminate σ and σ′ simultaneously from set CMN
without affecting its parity. Going through all configurations σ ∈ CMN and
eliminating pairs whenever applicable, we obtain a reduced set CsymMN of con-
figurations that are all left-right symmetric (σ = σ′), and this set is such that
par(|CsymMN |) = par(|CMN |).
Any configuration σ ∈ CsymMN , because of this symmetry property, may
be represented by its “left half,” that is, by its site configuration restricted
to the sublattice consisting of only columns 1, 2, . . . , N1, where N1 = ⌈
N
2
⌉
(see figure 1). The fact that σ percolates and is symmetric implies that its
configuration restricted to the sublattice of N1 columns also percolates and
therefore this restricted configuration is in CMN1 . Inversely, under free bound-
ary conditions every member of CMN1 has a unique symmetric extension that
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Figure 1: Square lattice of M ×N sites with nearest-neighbor links. Each lattice
site may be “open” or “closed” (not shown). The proof in the text makes use of
a nested sequence of sublattices of sizes M × Nj, for j = 0, 1, . . . , jmax. In this
example each sublattice is identified by its surrounding dashed red contour; we
have N = N0 = 11, N1 = 6, N2 = 3, N3 = 2, N4 = 1, and jmax = 4. The arrow
Aj indicates the central vertical axis of the M × Nj sublattice. For any N the
innermost sublattice is a single column of M sites.
is in CsymMN . Hence the elements of C
sym
MN are in one-to-one correspondence with
those of CMN1 . It follows that par(|CMN |) = par(|CMN1 |), and we have thereby
transformed the original problem on an M × N lattice into an identical one
on a sublattice of reduced size M ×N1.
We now iterate this reduction as illustrated in figure 1. In the jth iteration
step we exploit reflection about the central vertical axis of the M × Nj−1
sublattice. This leads to the recursion
par(|CMNj |) = par(|CMNj−1 |) , Nj =
⌈
Nj−1
2
⌉
, (1)
valid for j = 1, 2, . . . , jmax with initial condition N0 = 0, and where jmax is
the first value of j such that Nj = 1. Therefore
par(|CMN |) = par(|CM1|). (2)
The right-hand side of this identity refers to a lattice consisting of a single
column of height M . The set CM1 of all percolating site configurations on
3
this column contains only a single member, namely, the column with all sites
open (the corresponding reconstructed element of CNM is the configuration in
which all MN sites are open). Therefore par(|CM1|) = par(1) = odd, which
when inserted in (2) yields
par(|CMN |) = odd. (3)
This completes the oddness proof of |CMN |. It has relied on nothing but the
successive pairwise elimination of percolating site configurations, according
to their symmetry properties under reflection with respect to appropriately
chosen vertical axes. In the end only a single configuration remains, namely
the fully open lattice. The column height M appears as a mere parameter
and plays no role in the proof.
The strategy applied above, which is based on reflections about vertical
axes, is well suited to free boundary conditions in the horizontal direction;
however, it is not unique. One obvious variant is to consider reflections about
a sequence of horizontal axes and to stepwise reduce the number of rows to
only a single one. That row, of length N , has 2N distinct site configurations,
and all of those percolate vertically except for the one with all N sites closed.
That is, the number of percolating configurations is 2N − 1, which is odd,
and hence par(|CMN |) is odd. This variant of the method continues to hold
if in the horizontal direction periodic boundary conditions are imposed, and
hence proves the oddness also in that case.
Eq. (3) was originally established by Mertens and Moore [3]. These au-
thors subsequently obtain many interesting additional results for more gen-
eral lattices and boundary conditions. It is not within our scope here to
investigate extensions of our method of proof to such settings.
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